We study the sound perturbation of the hydrodynamic vortex geometry and present an exact expression for the resonant frequencies (quasispectrum) of this geometry. Exact solution for the radial part of the covariant Klein-Gordon equation in this spacetime is obtained, and is given in terms of the double confluent Heun functions. We found that the resonant frequencies are complex number.
Introduction
The general theory of relativity has many sucessful predictions, in particular the existence of the most mysterious structures in the universe: black holes. In this sense the theoretical area of black hole physics became an attractive and productive line of research in the beginning of the last century. The knowledge of the behavior of different fields which interact with the gravitational field of black holes, certainly, will give us some relevant informations about the physics of these objects. In particular, the scalar field constitutes one of these fields which may give us important informations about the physics of a black hole.
1, 2
With the aim of constructing a theory combining quantum mechanics and general relativity, the generalization of quantum field theory to curved spacetimes as well as their consequences have been discussed in the literature. [3] [4] [5] [6] [7] [8] [9] [10] [11] In fact, the experimental tests are difficult to make at the level of terrestrial laboratories. This opens the interest in analogue models that mimic the properties of astrophysics objects. In this sense, the field of analogue gravity allows in principle that the most processes of quantum field theory in curved spacetime can be studied in a laboratory. In particular, the use of supersonic acoustics flows as an analogy to gravitating systems has received a growing attention.
Solutions to the massless Klein-Gordon equation in the spacetime of both threedimensional rotating and four-dimensional (4D) canonical acoustic black holes were obtained by Vieira and Bezerra 14 and are valid for the whole spacetime. In this context, the general solutions are given in terms of the confluent Heun functions and the appropriate forms of the equations suitable to study the Hawking radiation were presented and their solutions given.
In this present paper, we obtain the exact solution of the covariant Klein-Gordon equation for a massless scalar field in the hydrodynamic vortex spacetime, valid in the whole space. Furthermore, this solution is valid for all frequencies of the particles, that is, ω > 0. It is given in terms of solutions of the Heun equations.
15, 16
A property of interest that plays an important role in black hole physics is the Quasinormal Modes (see Beyer 17 and references therein). Many authors have considered the quasispectrum of massive fields in several black hole spacetimes. The terminology quasinormal modes have been used by Simone and Will 18 and Fiziev.
19 They determine the late-time evolution of fields in the exterior of the black hole. Indeed, this is a boundary value problem for linear ordinary secondorder differential equations with singularities at the endpoints of the interval of consideration. 20 Quasispectrum is not to be confused with quasinormal modes or bound states. 21 In the last few years, great attention has been given to the QNMs because it is believed that these models shed light on the solution or understanding the fundamental problems in loop quantum gravity. 22 In this work, we show that the hydrodynamic vortex, which is an effective spacetime without an event horizon, but with ergoregion, is unstable under linearized perturbations.
The organization of the paper is as follows: in Sec. 2, we introduce the metric that corresponds to the hydrodynamic vortex, in Sec. 3, we write down the covariant Klein-Gordon equation for a massless scalar field in the background under consideration, in Sec. 4 we determine the resonant frequencies, and the large damping limits. Finally, we conclude in Sec. 5.
Hydrodynamic vortex background
The acoustic metric appropriate to a draining bathtub model, the so-called rotating acoustic black hole, which is the analog black hole metric (2+1)-dimensional with Lorentzian signature, is given by
where c is the speed of sound and is constant throughout the fluid flow. When we restricted to A = 0, that is, no radial flow and generalised to an anisotropic speed of sound, the metric for a model that describes an acoustic geometry surrounding physical vortices takes the form
being B a constant related to the circulation of the fluid. We can write the metric tensor of the hydrodynamic vortex spacetime as
from which we obtain
Thus, the contravariant components of g στ are given by
As the Kerr black hole in general relativity, when the g 00 vanishes forms the radius of the ergosphere, r e , given by
which coincides with the circle at which the (absolute value of the) background flow velocity equals the speed of sound c. Note that this spacetime does not have an event horizon.
Exact solutions of the covariant Klein-Gordon equation
For a barotropic and inviscid fluid with irrotational flow (though possibly time dependent), the equation of motion for the velocity potential describing a sound wave is identical to that for a minimally coupled massless scalar field, that is, to covariant Klein-Gordon equation, which has the form
Then, the covariant Klein-Gordon equation in the spacetime of a hydrodynamic vortex given by Eq. (2) can be written as
The spacetime under consideration is time independent, so the time dependence that solves Eq. (8) may be separated as e −iωt , where ω is the energy of the particles in the units chosen and we assume that ω > 0. Moreover, rotational invariance with respect to φ permits us use the cylindrical symmetry of the effective background metric to write the solution in φ as e imφ , where m is an integer. Therefore, Ψ(r, t) can be written as
Substituting Eq. (9) into Eq. (8), we find that
In what follows, we will obtain the exact and general solution for the radial equation given by Eq. (10).
Radial equation
We can write down Eq. (10) as
This equation has singularities at x = 0 and x = ∞. The transformation of Eq. (11) to a Heun-type equation is achieved by setting
Thus, we can written Eq. (11) as
where the coefficients A 1 , A 2 , and A 3 are given by:
Equation (13) is a special case of the double confluent Heun equation 25 given by
where U (z) = HeunD(α, β, γ, δ; z) are the double confluent Heun functions, with the parameters α, β, γ, and δ according to the standard package of Maple TM 17. Thus, the general solution of the radial part of the Klein-Gordon equation for a massless scalar particle, the phonons, in the spacetime of a hydrodynamic vortex, given by Eq. (13), over the entire range 0 ≤ z < ∞, can be written as
where N mω is a normalization constant to be determined, and the parameters α, β, γ, and δ are now given by:
If we consider a standard power series expansion around the origin (a regular point) of the double confluent Heun function, and taking into account the presence of two irregular singularities located at −1 and 1, with radius of convergence of this series being |z| < 1, we can write HeunD(α, β, γ, δ; z) = 1 + 1 2 δ z 2 + 1 6 δα + 1 3 α + 1 6 γ z 3 + . . . .
Resonant frequencies
In order to compute the resonant frequencies, we need to impose boundary conditions on the solutions at the asymptotic region (infinity), which in this case, requires the necessary condition for a polynomial form of R mω (z) (for a review, see 26 and references therein). The solution should be finite on the horizon and well behaved far from the black hole.
21
The asymptotic and numeric study of the boundary problems related to the double confluent case of Heun's differential equation was carried out by Lay et al. 27 However, to do this we will follow the method developed by Gurappa and Panigrahi, 28 because it is the most suitable for the double confluent Heun equation in the canonical form given by Eq. (17) . 29 Therefore, in general, for a single-variable differential equation which can be written as
where
and
is a diagonal operator in the space of monomials, with a n being the coefficients of expansion, and P (z, d/dz) is an arbitrary polynomial function of z and d/dz (except D), one has to impose the condition
Rewriting Eq. (13) after multiplying it by [(z + 1)(z − 1)] 3 , we get
In the above equation, it turns out that the diagonal operator, F (D), and the polynomial function, P (z, d/dz), are given by
Now, the condition (22) lead directly to an exact determination of the resonant frequencies as follows:
where n = 0, 1, 2, . . .. This is a nontrivial quantization law, because it has the properties being a complex number and independent of the radius of the ergosphere of the hydrodynamic vortex (see Fig. 1 and Table 1 ). It is worth calling attention to the fact that, from Eq. (26), the hydrodynamic vortex has the following symmetries
where " * " denotes complex conjugation. Following the standard convention to order the resonant frequencies frequencies by their imaginary part, 30 we have that the largest imaginary component Im(ω n ) corresponds to the fundamental mode. Then, if Im(ω n ) > 0 the mode is unstable, so that the fundamental mode corresponds to the smallest instability time scale. On the other hand, if Im(ω n ) < 0 the mode is stable, and the fundamental mode corresponds to the longest-lived mode.
In the n → ∞ limit, that is, the infinite limit damping, we have Therefore, those results show the instabilities of the hydrodynamic vortex under sonic perturbations both in the fundamental mode and in the limit that the background fluid smoothly exceeding the velocity of sound.
Conclusions
In this work we have presented analytic solution of the radial part of the covariant Klein-Gordon equation for phonons (acoustic massless scalar particle) in the hydrodynamic vortex spacetime. This general solution is analytic for all spacetime, which means, in the region between the ergosphere and infinity. The radial solution is given in terms of the double confluent Heun functions, and is valid over the range 0 ≤ z < ∞.
We have computed the exact values of the resonant frequencies of the hydrodynamic vortex, which are complex number. The resonant frequencies formula show that the instabilities of the hydrodynamic vortex under sonic perturbations both in the fundamental mode and in the limit that the background fluid smoothly exceed-ing the velocity of sound.
We also want to note that the resonant frequencies do not depend on the radius of the ergosphere, but depend on the angular momentum of the perturbation.
